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A classical result

e Let (M,g) be a compact 2d Riemannian manifold, oM = 0.
e Non linear Schrodinger equation or NLS on M writes as follows :

(i0 + A)u = |u|?w.
e Conservation law
1
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The energy E(u) almost controls the L°°(M) norm and therefore :

Theorem 1 (Brézis-Gallouét 1980)
NLS is globally well-posed in H5(M), s > 1.

e Using smoothing coming from the dispersion, we can extend this
result to 3d (Burg-Gérard-Tz. 2001).

e Question : Can we extend this result to H5(M), s<1 7



Why we ask this question 7

e [ he formal object
1 . 2
7L HW) gy = 71 =5 [ 1ul* Il g, (1)

is the Gibbs measure associated with NLS.
e Rigorously, after a renormalization (1) is defined as a measure ab-
solutely continuous with respect to the measure defined by the map
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where 0 = Ag < A1 < Ao -+,

(pn)n>0 being an orthonormal bases of L2(M) and (gn),>0 being a
family of i.i.d. standard complex gaussians.
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Why we ask this question ? (sequel)

e \We have that

@)

Ya(z,w) (= ) i) on(z) € H5(M), s < a — 1, almost surely.

n=0 (An)®

e Moreover 1o ¢ H*1(M) almost surely.
Proof of (2). By definition, we can write
— |90n($)|2

— A)5/2 z, w)|2dp(w) =
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which can be estimated by
Z N23—2a Z |90n($)|2,§ Z N23—2a—|—2 < oo,
N —dyadic An~N N —dyadic
thanks to the Hormander spectral function theorem
Z |90n($)|2 S N2
)\nNN
(N2 becomes N% in dim d). This ends the proof of (2).
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e [ herefore, if one wants to solve NLS with initial data typical with
respect to the Gibbs measure then one needs to show well-posedness
for a large dense set of initial data in H5(M) N (L2(M))¢, for all s <0
(the previous analysis with aa = 1).

e [ he main issue is the local well-posdness because thanks to work
by Bourgain we know that relatively quantified probabilistic local well-
posedness with respect to the Gibbs measure implies the global well-

posedness by exploiting measure propagation arguments instead of
conservation laws.



Review of the deterministic well-posedness

Theorem 2 (Burq-Gérard-Tz. 2001)
NLS is locally well-posed in H5(M), s> 1/2. For every datum of size
R > 1 in H’(M) the solution is defined on [0,T] with T ~ R~%, o > 0.

e If we only use energy estimates we would have the previous result
for s> 1.
e T he main ingredient in the proof is the estimate

[exp(itA) (Pl r2¢10.17:200ar)) < Clflasary, s> 1/2. (3)

e Estimate (3) fails for s < 1/2 in the case of S2.

e If one wishes to improve the above result then one should not try
to control the quantity ||u||L2([o,T];LOO(M)) which is the analogue of
IVull 1 cjo.17: Lo (ar)y @PPearing in some fluid dynamics PDE.



Review of the deterministic well-posedness

Theorem 3 (Bourgain 1992)

NLS is locally well-posed in H5(T?), s > 0, where T2 denotes the flat
torus. For every datum of size R > 1 in H5(T?) the solution is defined
on [0,T] with T~ R™%, o > 0.

e T he main ingredient in the proof is the estimate

1P exp(itA) ()l paco1yx12) < Ce QI Il p2¢12), €>0,  (4)

where @ C R? is a square and P is the projector

Po(f)= Y Fm)eme.

n€Z2NQ
e In a remarkable recent work Herr-Kwak extended the solution ob-
tained in Theorem 3 globally in time.



Review of the deterministic well-posedness (sequel)

Theorem 4 (Burq-Gérard-Tz. 2003)

NLS is locally well-posed in HS(SQ), s > 1/4. For every datum of size
R > 1 in H5(S?2) the solution is defined on [0,T] with T ~ R~%, a > 0.
Moreover, for s < 1/4 NLS on S2 fails to be semi-linearly well-posed.

e T he main ingredients in the proof are arithmetic properties of the
sequence (n?),cz and the estimate

||Pnpm||L2(52) < C(1 + min(n, m))1/4||Pn||L2(S2)||Pm||L2(52) (5)

where P, and P,, are spherical harmonics of degrees n and m respec-
tively and C is an absolute constant (we do not know the optimal one
even for m = n).

e For s < 1/4, we use that estimate (5) is asymptotically optimal by
testing it for

Pp(zy,x0,23) = (1 +izp)".



e On T2, we have local well-posedness for Sobolev regularity e-close
to the typical regularity of simples of the Gibbs measure. This was
used by Bourgain in his 1994 work in which he proved the existence
and the uniqueness of the Gibbs measure dynamics.

e On a general manifold, the well-posedness theory is a 1/2 derivative
away from the Gibbs measure. This is too much for our present
understanding.

e On the sphere SQ, despite the 1/4 derivative gap, we succeed to build
probabilistic well-posedness theory at the Gibbs measure regularity.



Theorem 5 (Burg-Camps-Chenmin Sun-Tz. 2024)

Let o« > 1. Then there exists a set > of full probability such that for
every w € X there exists T > 0 such that the sequence (uy)n>1 Of
solutions of NLS defined by

N

(0, + Auy = JuyPuy, w(0,0) =3 Doy (6)
2 O

converge in C([0,T]; L?(S?)) to a distributional solution of NLS.
More precisely, for every T € (0, 1) there exists an event X such that

p(=7) > 1 — Cexp(—c/TF)

for some positive C,c,x and such that for every w € 2.1 the solutions

of (6) converge in C([0,T]; L?(S?)) to a distributional solution of
NLS.



The key stochastic object

e It is convenient to work with the Wick ordered NLS
(10 + A)u = N (u),
where
N (w) = Jul®u — 2]z u.
associated with the from
N(u,v,w) = uvw — 2(/1@)10.
e The free wave with datum o (x,w) is defined by

va(t,z,w) = it (Ya(x,w))

e A central object in this analysis is

Io(t,z,w) = /Ot ei(t_T)A(./\/'(va(T, x,w)))dT

which represents the first nonlinear object which shows up when solv-
ing NLS with data yq(x,w) by the Picard iteration scheme.
10



Reqgularity of the key stochastic object

Proposition 6 (Bourgain 1993)
Let M = T2. Then for every e >0 and t € R,

1
Io(t,z,w) € HO‘_1+§_5(T2), almost surely.
Proposition 7 (Burg-Camps-Latocca-Chenmin Sun-Tz. 2022)
Let M = S2. Then for every t € R,

Io(t,z,w) ¢ H*1(S?), almost surely.

e Question : What is the reqgularity of the stochastic object in the
case of hyperbolic geometry ? More generally, how the optimal reg-
ularity depends on the geometry of M 7

e In the case of an arbitrary manifold, we have (see e.g. Oh-Robert-

Tz.)
Io(t,z,w) € H*178(T?), almost surely

which is non trivial because at least the typical regularity of the data

IS preserved.
11



Identifying the singular part of the nonlinearity on S2

e Set
A(w) = /O Lit-T)A (N(u(f))) dr.

e If we denote by m, the projector on spherical harmonics of degree
n then we can write

ANu)= ) c(n,n1,no,n3) T (Wnlu TnoU 7rn3u).
n,m1,n2,n3
e Set
A(u) = Z c(n,ni,no,n3) mn (Wnlu TnoU 7Tn3u).
n#&EN1,n3

n17n2,no7=ns
We have that

~ 1
Ava(t,z,w)) € H*1T375(52),  almost surely.
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Where the regularization comes from 7

e The resonant manifold associated with NLS on S2 is

{(n,n1,n0,n3) € N% : n?— n% + n% — n% = 0}.

e In the regime n # ny we can evoke the divisor bound

Ve > 0,dC,Vr € Z,VN > 1,thenumber of integers n1,no satisfying

TZTL%—TL%, N <ni,no <2N

is bounded by CN¢€.

e This gains essentially 1/2 derivatives compared to the basic estimate
for the stochastic object (as used in singular SPDE) via the saving of
one summations.

e [ he above divisor bound degenerates for - = 0. This degeneracy
dictates the choice of the resolution ansatz and is responsible for the
complications in the analysis.

13



T he resolution ansatz

e Consider

iOruy + Auy = N(uy), unli=0 = Ny@alz,w)),
where
I_IN — Z T™n.
n<N
e \We define the singular part of the nonlinearity by
N(O,l)(f7g7h) — Z Wn(’”nf . (angﬂ-ng,h — /27Tn297rn3h))-

n,no,n3 S

e Following Bringmann and Deng-Nahmod-Yue, we split uy as :

uN = Z VM, UM -— UpNf — UM -
M<N 2

14



The resolution ansatz (sequel)

e Furthermore, we decompose

v = Yy wpy
anticipating that wj,; is more regular and imposing that y,; solves the
linear equation

(20 + D)y = 20N (g 1) (s UM, u%), Vumli=0 = Py (Yalz,w)),
where PM = I—IM — I_IM'

2
e The equation for wy; (with O initial datum) reads:

(i0r + A)wy = Q(N(UM,U%W%) —N(o,1)(¢M,U%,u%))+
N(’UJ%,’UM,’UJ%) + 2N<UM7UM7U'%) +N(UM7U'%7UM) _I_N(UM)

e \We see that our ansatz removes the most singular high-low-low type
interaction from the equation solved by the remainder wj,, i.e. there
IS @ cancellation in

Nuprsunssun) — Neo 1) (Pars um s up).
2 2 2 2
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On the convergence

e For a > 1, in the convergence proof, we crucially use that ¥ and
its renormalized square are bounded in L°° with some smallness. This
leads to the study of the convergence of sequences x(t) satisfying

in(t) < Czn(t), zn(0) < N0 6>0

which is straightforward.

e In the case aa = 1, ¢, is no longer in L%, uniformly in N. This leads
to serious complications because naive estimates on the operators
involved in the analysis give only polynomial in N bounds (or Iog(N)C
with C large enough bigger than 1).

e However by using an iteration of the TT* method (as sometimes
done in random matrix problems), we arrive at logarithmic bounds
which in turn leads to the study of the convergence of sequences
xn(t) satisfying

zn(t) < Clog(N)zy(t), =n(0) <N §>0

which still implies the convergence of xx(t), at least for small ¢ de-
pending on C and J.
16



A remark

e Similar complications involving log(N) losses were addressed in
closely related situations by Burg-Tz., Bourgain-Bulut, Chenmin Sun-
Weijun Xu-Tz.
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Theorem 8 (Burg-Camps-Chenmin Sun-Tz. 2025)

Let M be the standard 2d sphere. There exists a sequence (cy(w))N>1
of positive numbers which diverges almost surely such that the se-
quence (uy)n>1 defined by

: gn (W
(10, + &+ enYuy = My(unPuy). u(@.0) = 3 20 (@)
n=0 n
converges in C(R; H~%(52)), s > 0. The law of the limit at time t is
given by the Gibbs measure associated with NLS on S2.

e In the analysis we need a new proof of the 2002 result by Burg-
Gérard-Tz. adapted to the [resonant]/[non resonant] decomposition
of the nonlinearity.
e \We crucially exploit the concentration of measure phenomenon ap-
plied to the analysis of random functions on S2.
e In the iterated TT* method, we exploit involved decorrelations in
the S2 variable related to the lack of translation invariance of the
problem.
e Fortunately, we incorporate a relatively tiny part of the nonlinearity
in the resolution ansatz.
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Perspectives and open problems

e One may hope to remove the terms causing the log(/N) losses by
gauge transforms (in the spirit of a work by Tao or Oh-Wang-Tz.).
We execute this idea in an ongoing work aiming to improve the result
by Bourgain-Bulut for the radial NLS on Bs3.

e Prove quasi-invariance of the gaussian measures induced by ¢ (x, w)
at least for o large enough 7

e Globalize the local solutions for a >0 7

e \What about other manifolds 7
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Thank you for your attention !
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