October 25, 2014

On the long time behavior of the
Benjamin-Ono equation

Nikolay T zvetkov

Cergy-Pontoise University

based on joint works with

Nicola Visciglia and Yu Deng-Nicola Visciglia

(conducted in the period 2009-2014)



Recurrence properties of the KdV equation

Consider the KdV equation, posed on the torus

Ou+ 03u+udpu=0, teR, zeT,

with initial data u|y—=g = ug € H°(T;R), s =0,1,2,...

e This problem is globally well-posed (several contributions....)
e KAV models surface waves

e u:R — H5(T;R) is a continuous curve. How it looks like 7

Theorem 1 (Mc Kean - Trubowitz, Bourgain)

The KdV flow is almost periodic in time : for every € there exists
an almost period ls such that for every interval I of size > [l there
exists T € I such that for every t € R, ||u(t + 7) — u(t)|| s < €.

Corollary 2
The KdV flow is recurrent in time : for every ug € H® there is a
sequence (tn) going to infinity such that

i utn) = uoll s = ©.



Recurrence properties of the Benjamin-Ono equation

Consider the Benjamin-Ono (BO) equation, posed on the torus

8tu—|—H('9323u—|—u8xu=O, teR, xeT,

with initial data u|y—=g = ug € H°(T;R), s =0,1,2,...

e H denotes the Hilbert transform, i.e. H(e™*) = —isgn(n)e'™*.

o H2 = 1.

e [ his problem is globally well-posed on L2 (several contributions on
the Cauchy theory, in particular Molinet for LQ)

e BO models internal waves

e Consider the initial data

gn(w) ;
ug(z,w) = > nk/zemx, k=1,2,3,4,56,7...
nel* |n|

e (hn,ln)n>o are independent and g_,, = gn.
k—1
e ug € H%, a.s. for s < k_Tl but ug ¢ H 2 a.s.



Theorem 3 (NT and Nicola Visciglia (2009-2013))

For almost every w and for every k > 4 the solution of the Benjamin-
Ono equation with data given by

up(z,w) = Z gn(w)emx

nez* ‘n|k/2

is recurrent in time with convergence in H®, s < kgl.



A deterministic corollary

Corollary 4

Fix an integer s > 0. Then there exists a dense set Fs of H5(T;R)
such that for every ug € Fs the solution of the Benjamin-Ono equation
with data uqg is recurrent.

e Question 1 : Can we take Fs = H5(T;R) 7

e Question 2 : Is the Benjamin-Ono flow posed on T almost periodic
in time, at least for small data (Coifman and Wickerhauser on the
line R)?

e \We get a recurrence property for data which is not small and which
is not of low regularity.
e A similar work for KdV was done by Zhidkov.



Invariant measures for the Benjamin-Ono equation

e \We prove our results by constructing invariant measures.

e [ here is an infinite sequence of conservation laws satisfied by the
solutions of the Benjamin-Ono equation (our reference is a book by
Matsuno) : if u is a smooth solution of BO then :

d
Brp(u(®) =0, k=0,1,23,...

where
By o () = [102*?ul|32 + Ry, /o (w),

o Rk/Q(u) is a sum of terms homogenous in u of order > 3 (but
containing less derivatives).



Here is the list of the first conservation laws :

Eo(u)
Ey jo(u)

Eq(u)

E3/(u)

Eo(u)

2 .
= |Jullz2;

1
= llowl*2ull?2 + 3 [ uPde;

3 1
&CuH%Q -+ Z/uQH(ua;)dw - §/u4da;;
3 1
= 10:*2ul?z = [Cu(ua)® + Su(Hua)?da

(it 3 15 1 5
/[3u H(uyg) + 2Y H(uugy)]dx 20/u dx;

2 2 D 2
[0z ul]7 2 4/[(ux) Hug 4+ 2uugs Hug]dx
—I—% /[5u2(ug;)2 + u?H (uz)? + 2uH (0zu) H (uug)]dx

O 4 2.3 1 /6
+/[32u H(uz) + e H(uu;,;)]d:c—|—48/u dx



Construction of the measures

e The basic idea (Lebowitz-Rose-Speer) is to renormalize the formal
measure exp(—Ej, »(u))du by seeing exp(—||10z*/?u||?,)du as a gaus-
sian measure on a suitable Hilbert space and to see exp(—Rk/Q(u)) as
an integrable density.

e [ herefore, we define {g/2 @S @ measure on H?, s < %— % by the
map
w— /a2, w),
where
gn(w)
ka/Q(xaw) — Z nk/z eznma
n#*0 |n|

with

g—n — g_na gn — C(hn + Zln)) hna lTL ~ N(Oa 1)

and (hn,ln)n>o are independent.
e Any set of full u;,, measure is dense in H?|{const} .

k1
o BUt jy/5(H272) = 0.



e Denote by my the Dirichlet projector (my (3, cne'™) = ¥, 1<y cne'™®).
e Let xp be a cut-off function defined as xgr(zx) = x(xz/R) with
x : R — R a smooth, compactly supported function such that xy(z) =1
for every |z| < 1.

e For N>1, k>1 and R > 0 we introduce the function

k—2
—R
Fjo,Np(u) = ( 11 XR(Ej/Q(WNU))>XR(E(k—l)/Q(WNU)—aN)e k/2(mN)
j=0
where oy = Zf,];le ~ = log(N) for a suitable constant c.

Theorem 5 (NT and Nicola Visciglia 2010)

For every k > 1, for every R > 0 there exists a py /2 measurable
function Fy o g(u) such that Fy ., n p(u) converges to Fy o p(u) in
Lq(dpk/Q) for every 1 < q < co. In particular Fk/Q,R(u’) C Lq(duk/z).
Moreover, if we set dpy /o> r = Fj, /2 r(u)dpy, o then we have

J supp(py/2,r) = supp(uy)2)
R>0



e A main tool in the proof of the above result is the classical heat
flow estimate

t(A d—CIZ-V d)
||€ R R (f)||LP(Rd;(27T)_d/2€_‘x|2/2dx) S ||f||L2(Rd;(27T)_d/2€_|x|2/2daj)’

provided

1
p> 2, tzilog(p—l)-



e Are the measures py /> g indeed invariant by the BO flow 7

Theorem 6 (NT and Nicola Visciglia (2009-2013))
Denote by &, . H° — H?°, s > 0, the flow of the Benjamin-Ono
equation. Then py> g, k>4, are invariant under oy .

Pr/2,R(A) = prjo rR(Pi(A)), VEER
and every measurable set A.

Theorem 7 (Yu Deng 2013)
The above result holds true for k = 1 (by suitably defining ;).

Theorem 8 (Yu Deng, NT and Nicola Visciglia 2014)
T he above result holds true for k = 2, 3.



Comments

e [ he main difficulty in proving such a result for £k > 2 is that the
conservation laws are no longer conserved under truncated versions
of the equation. The new argument with respect to previous works
on invariant measures is that we reduce the matters to a property at
t = 0 (as in the proof of Liouville’'s theorem). In particular, we do
not need to evaluate the energy growth of individual solutions as in
the work by Zhidkov, Oh, Nahmod-Oh-Rey-Bellet-Staffilani ...

e \We also use an algebraic "miracle” related to the structure of the
conservation laws.

e [ he impressive work by Yu Deng treates the case k = 1. In this case
one does not need to resolve the above difficulty since the Hamiltonian
iIs conserved under truncated versions of the equation. But there is
a major regularity problem to be solved, namely an improvement on
the Molinet result is obtained (one covers the support of /2 which
misses L?2)

10



On the invariance proof for k > 4

e For N > 1, consider the approximated problem
Oru + H@azju -+ 7TN(7TN’LL GxWNu) = 0,

with a corresponding flow on H*® denoted by ®;".

e \We have the following approximation property between ®; and CDI{V
(a traditional dispersive PDE analysis becoming harder at low regu-
larities) :

ds<o<(k—1)/2s.t. Vr>0, dt=1t(r) >0 s.t. Ve >0,
dY (A) C Dy(A) + B3(e), VN > Ng(e),Vt € (=F,1),VA C Bo(r),

where B9(r) denotes the ball of radius » and centered at the origin
of the Sobolev space H°.

11



On the invariance proof (sequel)

e Set K = span(cos(nzx),sin(nz))i<,<n. Then

~ |7l

dpyo(u) = yne H52 duy .. duy dpgy

where u € Epx and d/ﬁﬁ IS @ gaussian measure on Eﬁ

e Using the approximation properties between ®; and ¥, we need
to show that there exists s < k 1 such that for every tg € R,

lim |
N—o0 tE[O tO] dt CDN(A)

ACB(H®)

F 2 N r(w)dpy o(u)| =0

12



On the invariance proof (sequel)

e By the invariance of the Lebesque measure under the flow of di-
vergence free vector fields and the invariance of complex gaussians
under rotations, we get

k—2

_ | N
/GDI{V(A) Fk/Q,N,R(U)d/“Lk/Q(u) — TN /Ajl;lo XR(E]/Q(T"NCDt (u)))x
_ (DN (
XR(E(—1)2(mn Py (1)) — ay)e B2 (e () gy |y x dpds

e We can reduce the problem to ¢t = 0 (this is an important point).
e [ herefore, by Cauchy-Schwarz, we need to evaluate the L2 norms
with respect to [ /2 of the quantities

Do) = 5 (Byp(mvol@))| _, o<i<k/2

13



On the invariance proof (sequel)

e Consequently, the key property is :

]\}[;noo HLg\[(u)HLQ(duk/Q(u)) =0, q < 00, (1)

D) = (B p(mvel @) _ . 0<ji<i2

e The quantity L{V(u) can be expressed quite explicitly in terms of
the random series

Z g’n(w) eina:

n#*0 |n|k/2
e The proof of (1) uses the fine algebraic structure of the conserva-
tion laws of the Benjamin-Ono equation and in particular the precise

positions of the Hilbert transforms in the densities defining the con-
servation laws.

14



On the proof of the key property

e One is reduced to prove that the L2(w) norm of expressions of the
following type go to zero as long as N — oo:

chla---ajngjl(w> X ... X gj,(w)
Cn

where ¢;, ;. are suitable numbers.
e In the case kK > 6 and k even via the triangle inequality we are

reduced to the analysis of series of the type

Z |cj1""7jn|

Cn
o If k=2,4 and k£ > 3 odd then the triangle inequality is useless and
one exploit the L2(w) orthogonality gj, (w) x ... x g;,(w) and we reduce
the analysis to expressions of the type

2
Z |Cj17'“7jn|
C'n

where C’'y is a large subset of Cp. The analysis on the resonant set
Cny\C'y is then done again via the triangle inequality.

15



The cases k= 2,3

We denote by <D§’N(uo) the solution to

Ou + HOZu + Sy (Syu - Ssuz) = 0,u(0) = ug

and Sjv are smoothed Dirichlet projectors, defined by

SN(Y aje) = 3 aju(L)el

jEZ JEZ

where for € € (0,1), ¥e is a smooth function ¢ : R — R such that

Ye(x) =1 for z € [0,(1 — €)], () =0 for x > 1,

[thell e = 1 and e(z) = he(|z]).

16



On the construction of the measure dp; g via S

Take kK = 2. Define the smoothed approximating measures
Fir = xr(lmyull2) x xp(lmnulZ e — an +1/3 [ (Syu)®de)
3 1
x exp(—, / (Siyu)2HOSiu — - / (S5u)*)

Proposition 9
T he following occurs for every e > 0,0 > 0O:

lim sup |/ Fy pdp —/ dp1 gl = 0.
N—00 AEB(Hl/Q—U) A ’ A ’

e Roughly speaking this means that the limit measure dp; g does
not depend on the fixed value of ¢ > 0. Indeed, we get in the limit
as N — oo the same measure that we get when we approximating
measures involve the sharp projectors myy.

17



Proposition 10
Let 0 < e <1, 0o > ¢ >0 and M > 0 be fixed, then for some
T =T(eo0,0/,M) >0, C=C(eo,0,M) >0 we get:
sup  sup [|®yN g — Dyl 100 < CNTE
quBM(Hl/Q_J,) 1t|<T
where § = 0(o,0’) > 0.
Proposition 11

. . d e,N —
lim (limsup || F1 (v @y )i=oll L2(ay)) = 0 =

V6 >0, de=¢€¢(5) >0,N = N(5) >0 s.t.

FS od —/ FS nduy| < 6t.
|/A N,RAH1 cb;_f’N(A) N,R p1] <

e We need ¢ = 0,N — oco. This is not necessary for Eq 5, By /»,k > 4.
e As long as ¢ — 0 then the time of approximation of the smoothed
truncated flows to the true solution of BO becomes smaller and

smaller.
18



Proof of the invariance of dpy g

e Fix e R. We prove [4dp1 g < [o(a)dp1,r, VA C HY/277, compact.
e Thanks to the second proposition, for every £ > 0 we get N, € N
and ¢, > 0 such that:

Fd —/ F dui| <t/k, VYN >N, VL&
|/A N.R H1 CD?‘/”N(A) N.,R N1| ~ / k
e Thanks to the flows approximation property 3t; = t1(k) > 0 s.t.

c F¥ pdpy < Ff pdpy, Vt € [0,1]
/cbtk’N(A) NATEE = Joyay+B N.R

and we get
FF pdug <
| Fitr o
In the limit N — oo, we get :
d </ d t1/k, Vt € [0, t1].
/A PLRS [ on) p1.R+t1/ [0, 1]

Iterate the bound [t/t1] + 1 times and take the limit as k£ — oo closes
the argument.

CN_Q(Hl/Q—a’)

Fy pdpt +t1/k, ¥t € [0,t1].

®(A)+B H1/2=0)

19



Final remarks

We hope that this approach can be useful in other contexts ...
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