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The nonlinear wave equation

e In this talk, we consider the Cauchy problem for the nonlinear wave
equation, posed on the 3d torus T3 :

(07 — D)u+u? =0, u(0,2) =ug(z), u(0,z)=ui(z). (1)
e [ he energy

1
2 L \wul?) 4 4
/qrs ((atu) Vu ) §/1r3u
is formally conserved by (1). For s € R, we set

HE(T3) := H5(T3) x H571(T?)
which is a natural phase space for (1).

Theorem 1 (classical)

o For every (up,uy) € HI(T3) there exists a unique global solution of
(1) in the class (u,du) € C(R; HI(T3)).

e If in addition (ug,uy) € H5(T3) for some s > 1 then
(u, Opu) € C(R; H(T3)).
e [ he dependence with respect to the initial data is continuous.
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LLower regularity using the dispersion

e Thanks to the Strichartz estimates the local in time part of Theo-
rem 1 can be extended to the class (ug,u1) € H5(T3), s > 1/2.

e The global in time part can be extended to s > 3/4 using almost
conservation law techniques :

Theorem 2 (Kenig-Ponce-Vega, Gallagher-Planchon, Roy)

Let s > 3/4 and fix (ug,u1) € H(T3). Let (ugp,u1 n)nEN be any
sequence of smooth data approximating (uo,ul) in HS(T ) and let
un(t,r) be the smooth solution of

(8152 — A)’U,n + U’?L — 07 u|t:O — UQ,n» > atU,|t:o — Ul n-
Then there exists a limit object u(t) such that for any T > 0,

Moreover u(t) solves the nonlinear wave equation in the sense of
distributions.

e We conjecture that Theorem 2 remains true for s > 1/2 (proved
recently by Dodson in the radial case of R3).



Limit of the deterministic methods

Theorem 3
Let s e (0,1/2) et (ug,u1) € H5(T3). There exists a sequence

un(t,z) e CP(RxT3), N=1,2,--
such that
(87 — A)yuy +ux =0
with
lim | (un(0) — ug, Brun(0) — u)llpys(p3y = O

N——+o0
but for every T > 0O,

N|—i>r—n|—oo lun (Ol poe (—1,17; 113(T3)) = F00-

e [ he proof is based on an idea introduced by Gilles Lebeau and
further developed by Christ-Colliander-Tao, Burqg-Gérard—Tz., Xia.
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Solving the equation by probabilistic methods

e \We can ask whether some form of well-posedness survives for initial
data in H5(T3),s < 1/2 7

e [T he answer of this question is positive if we endow the space
HS(T3),5 < 1/2 with a non degenerate probability measure such that
we have the existence, the uniqueness, and a form of continuous
dependence almost surely with respect to this measure.



Probabilistic global well-posedness

Theorem 4 (Burq-Tz. 2008)
Let 0 < s < % Then there is a dense set ¥ C H5(T3) satisfying

>N HS/(T3) = () for every s’ > s such that the following holds true.
For every (f,g) € X, denote by (un(t)),en the smooth solutions of

(aE_A>un+u7§,:Oa U(O,x):pn*f,, &gu(O,:U):pn*g,

where (pn)nen IS @an approximate identity. Then there exists a limit
object u(t) such that for any T > O,

Jim | Cun(®), 0pun(£)) — (), Bl o1 g piagscray) = ©
Moreover u(t) solves the nonlinear wave equation in the distributional
sense.



Comments

e [ he proof of the previous result is inspired by the seminal contribu-
tion of 1994 by Bourgain. There are however several new features :

e [ he first one is that more general randomisations are allowed. This
led to similar results in the context of a non compact spatial domains.

e T he argument allowing to pass from local to global solutions is based
on a probabilistic energy estimates (Gronwall method) while the ar-
gument giving the globalisation of the local solutions in the Bourgain
work is restricted to a very particular distribution of the initial data
related to the Gibbs measure (measure preserving method).

e [he result by Burg-Tz. deals with functions of positive Sobolev
regularity which avoids a renormalization of the equation, making the
results more natural from a purely PDE perspective. In particular, it
is clear what ill-posedness means.



Comments (sequel)

e It would very interesting to prove such type of results for quasi-linear
wave equations.

e A first result in this direction was obtained by B. Bringmann who
proved probabilistic well-posedness for equations of type

(87 — A)u = F(Vu),

and a quadratic F.



The pathological set

e [ he result by Burz-Tz. provides a nice dense set > of initial data
such that for good approximations we get nice global solutions (but
for bad approximations we get divergent sequences !).

e What about initial data outside > 7

Theorem 5 (Sun-Tz. 2020)
Let O < s < % Then there is an approximate identity (pn)nen and

there is a dense set S C H5(T3) such that for every (f,g) € S, the
family of the smooth solutions of

do not converge. More precisely, for every T' > 0O,

100 e (O Lo (0,77, 5 (13)) = F00



The pathological set (sequel)

e Consider again

(0f — D)un+up =0, w(0,2) =pn*f, Ou(0,2) =ppxg (2)

and let P be the set of (f,g) € H5(T3) such that the solution u, of
(2) satisfies the property

lim sup flun ()]l oo jo,1); 1r2(13)) = 00 -

Corollary 6
The set P contains a dense G5 subset of H5(T3).

e Consequently, by the Baire category theorem, the good data set >
in the Burg-Tz. theorem is not a G5 subset of H5(T3).

e On the other hand, the pathological sets are negligible with respect
to the measures introduced by the natural gaussian fields used in the
probabilistic well-posedness results.



Comments

e [ he previous discussion confirms that the topological and the mea-
sure theoretic notions of genericity are very different.

e For examples of G5 dense sets giving solutions of Hamiltonian PDE's
with growing Sobolev norms for large times, we refer to the works by
Hani and Grellier-Gérard.

e In our result, the Sobolev norms are growing in very short times,
depending on the frequency localization of the initial data.

e Naive question : Is such a phenomenon present in the context of
the Lindblad ill-posedness results for quasi-linear wave equations 7
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The ODE profile

e [ he basic idea is that since the regularity is supercritical the linear
part of the equation is treated as a perturbation.
e [ herefore, we consider the solution of the ODE

vi+v3=0, V()=1,V'(0)=0

which is globally defined and periodic (oscillating between 0 and 1).
e Let us fix the the positive bump functions p, ¢ € C>°(RR3), supported
in x| < 100, seen as functions on T3 with [p = 1. As usual,

pe(x) ;= e 3p(x/e). Let
3
vn(0,x) := kpn2 “p(nx), v5(0,z) = pexvn(0,x), kn = (log n)7%, § > 0.
e Define
v (t,x) = v, (0, 2)V (tvy,(0,x)).
Then one verifies that vy, solves the dispersionless equation
ofve, 4+ (v5)° =0, (v, ) li=0 = (v,(0,),0).
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Control on the profile

Proposition 7
Let 0 <s<3. Set

1 (3.
en =150 in= (109 n)2n (3-) , 92> 0.

Then we have the lower bound

an (tn>||Hs(T3> > Iﬁ)n(|0g n)(52 d1)s

and the upper bounds

||”Un (t)HHk(T?’) S Rn (lOg n)(52_51)knk_87 k= 07 17 27 37 T t € [Oatn]a

3
1090 ()| ooy S (109 )21l k275, a € N3 |a| = 0,1, ¢ € [0,tn].
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The perturbative analysis

o For (ug,u1) € C®(T3) x C®(T3), denote by u&» the solution of
O2us — AuS + (un)3 =0
with the initial data

(u5(0), 07 (0)) = pe, * ((uo,u1) + (va(0),0)).
Proposition 8

Assume that 0 < s < % Then for any 0 < 0 < %(% — s) there exist
C > 0, 6» > 0, such that for any 61 € (0,d8>), we have

SUD_[us7 (£) = e, *S (8) (ug, u1) ~ v () o3y < Cnl" )70 vw = 0,1,2
te[0,tn]

where S(t) is the free evolution and the constant C only depends on
the smooth data (ug,u1) and 6 > 0. Consequently, we have

SUP 52 (8) = e = SO (wo,u2) = 57 (D772 < On "
c1U,ln

In particular, for d1 sufficiently small,

|y (b | s sy 2 (logn)* 02700701 — 60 a5 n — oo,
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Finite propagation speed of the nonlinear wave equation

Proposition 9
Let wy,wy be two C° solutions of the nonlinear wave equation

8,52w—Aw—|—w3=O.

If the initial data (w1(0),0wq1(0)), (w>(0),0w>(0)) coincide on the
ball

B(zo,70) 1= {z € R3 : |z — x0| < ro}
then for 0 <t < rqp,

(w1 (), Opw1(t)) = (wa(t), dpwo(t))
on B(xg,rg — t).
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Proof of the main result

e We identify T3 with [—m, x]3 and we use the coordinate system
r = (z1,2') near the origin. Let zF = (%,0,0)
o Let np = eek, and define
3_ 1
vox(z) = (109 ) g p(ng(er — ) mga’) = vn, (0, — 2¥)

There exists kg, such that for all & > kg, the supports of Vo, are
pairwise disjoint and for kg < k1 < ko,

. 1 1
dlst<supp(voyk1), supp(vo,,@)) ~ k_1 — k_z
e Denote by B, = B(zF,r,), where r, = k% For ko > 1, the balls

By, k > kg are mutually disjoint. Moreover,

SUPP(pey,, * vo,1) C By

where Bj, = B(z*,r;/3) (recall that e, = ﬁonk)'
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e VWe have that

where

Proof of the main result (sequel)

1

dist(supp(pe,, * (vo — vok)): Bi) 2 2

vo= Y. voi € H(T?).
k>ko

e In particular, for any (ug,uq) € C*® x C°,

coincides with

on the ball B;.

Pen, * ((uo,u1) + (vo,0))

Pen,, * ((up,u1) + (vok, 0))
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Proof of the main result (definition of the pathological set)

o Let kg > 1, defined in the previous discussion. Set

S = C®(T3) x C°(T3) + {(ki VO ks 0) k> ko}.

e Since
@) 0% o6
— k6§
H 2 ’Uo,k‘ oS 2 Mvokllgsersy < 3 €7t = 0 as kp — oo,
h=k1 HAN(T2) =iy k=kq

we conclude that S is dense in H5(T3).
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Proof of the main result (sequel)

e Fix (f,g) € S. By definition, there exists (ug,u1) € C*° x C*° and
k1 > kg, such that

(f,9) = (ug,u1) + (k;ik vo,k,o).

e Our goal is to show that, for any N > 0 and any ¢ > 0, there exist
v € [0,T] and 0 < € < §, such that the solution ¢ to our equation
with initial data pe * (f, g) satisfies

lu (TN s 3y > N (3)

e We will choose k£ > k41, large enough, such that

_ 1
rkny, (109 n) (027008 > N ¢ = 100n;

This can be achieved by choosing d1 < d» such that s(d> — d1) > 41.

<9
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Proof of the main result (sequel)

e Let up be the solution of our equation with the initial data

penk * (u07u1) _|_ pGnk * (UO,ka O) °
e Let v, be the solution of
07v; + (U)> = 0
with the initial data pe,, * (vo.k,0).

e We remark that oy, @, are just vn,*, un,* the proposition of the per-
turbative analysis, up to translation.
e In particular,

g Ctng) || s (r3y 2 (10g myp) 502701 =01, (4)

and

| (tng) = peny * S(tny) (w0, u1) = Tt | gsersy S % (5)
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Proof of the main result (sequel)

e We now apply the finite propagation speed property to u; and u .
At t = 0O,

(uk(0), Ou™:(0))| g, = (u(0), 0rut,(0))| B,

and therefore

(s (), 0™ () by gy = (@8, O () g by _pys VO St <
e In particular, for large k,
(u "k (t), Opu "k (t))‘B(zk,rk/Q) = (u (1), atra’k(t))|B(zk’rk/2)7 Vit € [Oatnk]-

e Take x € C®(R3), such that x(z) =1 if |z| < % and x =0 if |x| > %

Define x.(z) := x((x—2z") /1), hence Xklék =1 and Xk|(B(zk,rk/2))C = 0.
T herefore, we have

X (@) (uk (1), Opu™k (1)) = xp(2) (U (t), Oug (1)),  Vt € [0, tn,].
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Proof of the main result (sequel)

e Since s < 1/2, we can localise
||u€nk(tnk)||[{8(’[r3) e ||Xku€n’“(tnk)||]{s(']r3) ~ ||Xk(37)?jk(tnk)||]{8(qr3)-
e Next, we can write

Ik (@)t ) s r3y =Nk ) | g r3y — I1QL = Xk g (bl s 73y
=l () rscrsy — 1 = Xi) @k (bng) — Tty ) s r3ys
where in the last equality, we crucially use the fact that

(1 — xx)0x(tn,) =0,

thanks to the support property of vy.
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Proof of the main result (sequel)

e [ herefore, we have
||u€nk(tnk)||H8(T3) zHﬂk(tnk)HHS(jﬁ) — [[(1 = Xk)(Penk * S(tnk)(u07ul))”]—]8(qf3)
—[(1 - Xk)(ﬂk(tnk) — Pen,, * S (tny) (v, u1) — ?7k(tnk)) | grs(T3y-
e Consequently
Huenk(tnkz)HHS(TG) Z (Iog nk)8(52_51)_51 _C — n;G.

e It remains to choose §; > 0 small such that s(é» — 1) — 61 > 0 and
E>1.

e [ his completes the proof.
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On the proof of the corollary

e Denote by u¢(t) = P(t)(pe * (f,g)) the solution of the cubic wave
equation with initial data pe * (f, g).

e [ he set
O :={(f,9) € #°(T3) : limsup ||¢(t>(,0€nk * (f, 9))||LOO([071];H8(T3)) = oo}

k— 00
IS contained in the pathological set P.

e As a byproduct of the previous analysis, S C O, hence O is dense.
e In addition

O = ﬂ ON?
N=1
where
On = A{(f,9) € H*(T?) :1im sup | (1) (e, * (f,90)l oo 0,135 (13)) > N}

23



On the proof of the corollary (sequel)

e By definition,

0
On= () U Onui,
ko=1 k=kq

where

ON,k ={(f,9) € /HS(T:%) : ||Cl>(t)(p€nk « ([, g))HLOO([O,l];HS(T?’)) > N}.

e It is relatively straightforward to show that ON,k open. Therefore
O is a Gy set.
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Open problems

e I would be interested if one can extend this kind of results to other
equations.

e Our proof meets serious difficulties in the context of the nonlinear
Schrodinger equation (not only because of the lack of finite propaga-
tion speed).
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Related problems and results

e 2d low regularity weak solutions of the Euler equation as the ones
obtained by De Lellis- Székelyhidi are not limits of the smooth solu-
tions obtained by some regularisation of the data.

e 2d low regularity weak solutions of the 2d Euler equation with white
noise vorticity obtained by Flandoli are limits of true smooth solutions
of 2d Euler for some regularisation of the data.

e Low regularity solutions of KPZ obtained by Hairer are obtained
as unique limits of smooth solutions of the equations with a suitably
regularized noise. But in similar results for the heat equation this is
not the case.

e Low regularity solutions of the Benjamin-Ono equation obtained by
Ionescu-Kenig, Gérard-Kappeler-Topalov are obtained as unique lim-
its of smooth solutions of the equation for every regularisation of the
data.
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Thank you for your attention !
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